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From primary sources to mathematical concepts 



G. W. Leibniz, Nova methodus pro maximis et minimis, itemque
tangentibus quae nec fractas nec irrationales quantitates moratur
et singulare pro illis calculi genus, Acta Eruditorum, 1684.
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Leibniz's journey through Italy (March 1689 - March 1690) 

3Robinet A., G. W. Leibniz Iter Italicum mars 1689-
mars 1690, Olschki, 1988
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The Leibnizian tradition in Italy

Guido Grandi Gabriele Manfredi Jacopo Riccati Michelangelo Fardella
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A Leibnizian approach in the first 
Italian treatise on Analysis:

Maria Gaetana Agnesi’s
Instituzioni Analitiche



 May 16, 1718: birth into a wealthy family from Milan (silk
trade)

 Higher education at home, encouraged by her father

passion for maths

[Tilche 1984; Simili 2009; Mazzotti 2007 & 2019; Roero 2014 & 
2016; Contestabile 2017]

A woman in mathematics: M.G. Agnesi (1718-1799)

 1745-48: drafting of the treatise Instituzioni
Analitiche ad uso della gioventù italiana

 After her father’s death (March 19, 1752): charity
work

 1771: management of the women’s section of the
Pio Albergo Trivulzio

 January 9, 1799: death
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Great success of Agnesi’s work, the first treatise in Italian
on Analysis. [Roero 2016]

 Praiseworthy reviews from both pedagogical and
mathematical perspectives

 Congratulatory letters from leading figures in Italian
science (including Laura Bassi), religious (Pope
Benedetto XIV) and political authorities (Maria Teresa
d’Austria)

Marvel at that, with profound knowledge, a woman
produced such a great book in the world. The author is
Italian, gentlemen, not Dutch, an illustrious, wise

woman, who honours her country. [Goldoni 1756]

 Two translations, in French (P.T. Antelmy, 1775) and English (J. Colson, 1801)

Instituzioni Analitiche (1748)
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Agnesi’s definition of «differential calculus» or 
«calculus of fluxions»

Variable quantities

Difference (or fluxion) of variable quantities
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Calculus in Agnesi’s treatise

The analysis of infinitely small quantities, which can be
called Differential Calculus or Calculus of Fluxions, is that
which concerns differences in variable quantities, of
whatever order those differences may be.

The name “variable quantities” designates those that
can increase or decrease, and they are conceived as
fluents [...] generated by a continuous motion..

“Difference”, or “fluxion” of a variable quantity, is the
name of that infinitesimal portion, i.e. so small that
its ratio to the variable quantity is smaller than the
proportion between that variable quantity and any
other variable, whereby if such variable increases or
decreases, it may be considered the same as before.



 Described within the Instituzioni (Problema
III, pp. 380-382)

 Already studied by P. Fermat (1666) and G.
Grandi (1703)

Versiera

From the Latin ‘cum sinus
verso’

Name ‘adversaria’
(‘strega’ in old Italian)

‘Witch’ of Agnesi

The birth of the ‘witch’ of Agnesi

Given the semicircle 𝐴𝐷𝐶 of diameter 𝐴𝐶,
search outside it for the point 𝑀 such
that, after leading the perpendicular 𝑀𝐵
to the diameter 𝐴𝐶 that will intersect the
circle in 𝐷, it is

𝐴𝐵 ∶ 𝐵𝐷 = 𝐴 𝐶: 𝐵𝑀
and, since the points 𝑀 that satisfy the
problem are infinite, its locus is asked. 9



Individual or 
group activity

Rhyming
instructions

(for lower
secondary school)

The construction of the Versiera by points

Embodied
aspects
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 Computer skill

 Use of the dynamic
geometry software 
GeoGebra

 Key concept: 
transition from 
discrete to 
continuous

The dynamic construction of the Versiera with
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𝐷𝑀𝑂 ≅ 𝐵𝑁𝑂
𝑂𝐷:𝐷𝑀 = 𝑂𝐵:𝐵𝑁

Furthermore, 𝐵𝑁 ≡ 𝐷𝑃

𝒙𝒚

𝟐𝒂

𝑂𝑀𝐵 right triangle
By Euclid’s second theorem

𝑂𝐷:𝐷𝑀 = 𝐷𝑀:𝐷𝐵

which implies 𝐷𝑀2 = 𝑂𝐷 ∙ 𝐷𝐵
𝐷𝐵 = 2𝑎 − 𝑦

𝐷𝑀 = 𝑦(2𝑎 − 𝑦)

Returning to the initial proportion, it follows:

𝑦 ∶ 𝑦(2𝑎 − 𝑦) = 2𝑎 ∶ 𝑥

Equation of the curve

𝒚 =
𝟖𝒂𝟑

𝟒𝒂𝟐 + 𝒙𝟐

From the curve to the equation

Activity for upper secondary school
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 A work written by a woman and dedicated to a
woman: the Empress Maria Teresa of Austria.

Guided reading of the Preface

[...] the consideration of Your gender, which You illustrated, by
good fortune is also mine. This thought sustained me in my toil,
and didn’t let me feel the risk of the undertaking. [...] May all
women serve the glory of their sex, and each one contributes to
the increase of the splendour in which You envelop it.

 Form of social commitment: being useful to
society, making her intellectual and human talents
available to others.

New Institutions of Analysis seemed to me very useful and
necessary. [...] How difficult it is to find that [exposition], which is
endowed with due clarity and simplicity, omitting all that is
superfluous, without leaving anything that might be useful or
necessary, and which proceeds with that natural order in which
perhaps the best teaching consists of.
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 Educational purposes, also based on personal
experience

Guided reading of the Preface

[...] they are disconnected, without order, and scattered
here and there in the works of many Authors [...] so that a
Beginner could certainly not reduce the subjects to a
method, even if he were equipped with all the books.

 First systematic treatment of Analysis in Italian.

[...] I dispensed myself from translating it into Latin Idiom [...].
Nor do I intend, however, to make myself responsible for that
purity of language [...] since I had in mind, more than anything
else, the necessary possible clarity.



From maths to art

From the doodle for the 296th anniversary 
of Agnesi’s birth…

… to the students’ artworks. 
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Newtonian conceptualization of the 
"ultimate ratios of vanishing 

quantities"
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Newton, Principia, Section 1, Book 1.
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Newton and the method of «first and ultimate ratios»

Lemma II. Se in una figura qualsiasi, AacE, delimitata

dalle rette Aa, AE e dalla curva acE, vengono inscritti un

numero qualsiasi di parallelogrammi Ab, Bc, Cd, … con

le basi AB, BC, CD, … uguali, e con i lati Bb, Cc, Dd, …

paralleli al lato Aa della figura e si completano i

parallelogrammi aKbl, bLcm, cMdn, …, allora, se la

larghezza di questi parallelogrammi diminuirà e il loro

numero aumenterà all’infinito, dico che le ultime

ragioni che fanno tra di loro la figura inscritta

AKbLcMdD, quella circoscritta AalbmcndoE, e quella

curvilinea AabcdE sono ragioni di uguaglianza.



J. L. Lagrange, Principj di Analisi Sublime (Principles of Sublime Analysis) (~1754) 
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The differential calculus

In the second part of the Principj Lagrange develops the algebraic calculus of finite differences. 
The differential calculus determines «the ultimate ratios of the difference dy/dx, i.e. the ultimate 
terms to which the general ratios of the differences continuously approach, while these
continuously decrease».

Lagrange’s notation
is that of Leibniz, but

the approach is
Newtonian.

Every variable quantity continuously increases or decreases, or first increases and then
decreases, or vice versa. 

The unknown quantity, of which a variable is supposed to increase or decrease, is usually called its difference
and is denoted with the letter d before such variable. So 𝑑𝑥, 𝑑𝑦, 𝑑𝑧… denote the difference of the variable
𝑥, 𝑦, 𝑧, so that when 𝑥 becomes 𝑥 + 𝑑𝑥, 𝑦 and 𝑧 become 𝑦 + 𝑑𝑦, 𝑧 + 𝑑𝑧.
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The ratios of the differences are named
ultimate ratios of the differences,
considering them in the point where they
are going to vanish. Actually these ratios
are not ratios of any real differences, since
it’s supposed that each of them has
become equal to zero. They only express
the ultimate terms, to which the general
ratios of differences continuously
approach, while they continuously
decrease. These ratios are also named first
ratios of the differences, because they can
be seen as limits from which the general
ratios of the differences, considered as
rising to receive continuous increases,
begin.

By Differential Calculus we mean that, which determines the ultimate ratios of the differences. We
name differential expressions or differential equations those which give such ratios.



20

Since we found certain limits in the 
ratios of the algebraic differences, 
the same limits should also exist in 
the ratios of the geometric
differences. To find them we use a 
similar method, i.e. we firstly
suppose that the differences are 
made and we look for their ratios, 
by supposing that they continuously
decrease until they completely
disappear, i. e. the variable lines
return to their first situation.
If we assume that the quantities
whose differences disappear are 
equal, we can find without difficulty
the limits we were searching for.

Lagrange refers to differences both for 
algebraic and geometrical quantities. 
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The finite difference of 
𝒙

𝒚

The differential of 
𝒙

𝒚

We want to determine the difference
𝑥

𝑦
. Placed 𝑥 + 𝑑𝑥

in place of 𝑥 and 𝑦 + 𝑑𝑦 in place of 𝑦 the fraction

becomes
𝑥+𝑑𝑥

𝑦+𝑑𝑦
. Subtracting

𝑥

𝑦
from it, we obtain

𝑥 + 𝑑𝑥

𝑦 + 𝑑𝑦
−
𝑥

𝑦
For the sought difference.
If we reduce these fractions to the same denominator, 
we will have

𝑦𝑥 + 𝑦𝑑𝑥 − 𝑥𝑦 − 𝑥𝑑𝑦

𝑦 𝑦 + 𝑑𝑦
=
𝑦𝑑𝑥 − 𝑥𝑑𝑦

𝑦 𝑦 + 𝑑𝑦
= 𝑑.

𝑥

𝑦

If we put 𝑑𝑦 = 0, we obtain the differential of 
𝑥

𝑦
, equal to

𝑦𝑑𝑥 − 𝑥𝑑𝑦

𝑦2

The general rule for fractions is: the difference of any
fractions is equal to the product of the difference of the 
numerator times denominator minus the product of the 
difference of the denominator times numerator, all these
terms divided by the square of the denominator.
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The construction of the Conchoid of Nicomedes

Lagrange explains how to obtain the equation of the 
Conchoid, starting from its geometric construction.

From the similarity between the triangles RMP, MBC we have that 𝑅𝑃: 𝑅𝑀 = 𝑀𝐵:𝐵𝐶 𝑏2 − 𝑦2: 𝑦 = 𝑥: 𝑎 + 𝑦

𝑥𝑦 = 𝑎 + 𝑦 𝑏2 − 𝑦2
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The construction of the Conchoid of Nicomedes with

https://www.geogebra.org/m/g5yyjku4

https://www.geogebra.org/m/g5yyjku4
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Searching for the tangent to a given curve

Let ADF be any curve, whose equation is in the coordinates x 
and y. Let AB be any abscissa and BD the correspondent
ordinate. Suppose that AB increases by a finite difference BC, 
the ordinate BD will reach the position CF and increase by a 
difference equal to FE. Take from the point D the straight line 
DE parallel to BC. Let DF be the secant line, that crosses the 
line AB in T. For the similarity between the triangles TDB, DFE 
we have FE:DE = DB:TB and so 

𝑇𝐵 = 𝐷𝐵 ×
𝐷𝐸

𝐹𝐸
=
𝑦𝑑𝑥

𝑑𝑦
Suppose the difference BC goes on decreasing until it becomes
=0 and the point C coincides with B and the ordinate CF 
returns to the first situation and the difference FE will
therefore vanish. The points D, F of the curve will rejoin in D 
and the secant line FDT will become tangent in the same point
D.
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The integral calculus

The rules of the integral calculus come from those of

the differential one. Thus, to find the integral of any

given differential, it’s sufficient to search for a

formula that, differentiated according to the

previous laws, becomes the proposed differential.

The integrations are denoted with the letter S before

the integrating differential formula, in the same way

the differences are denoted with the letter d. So

𝑺. 𝒅𝒙 means the integral of 𝑑𝑥 and it will be equal

to 𝑥, for each variable 𝑥. Since in differentiating a

quantity, constant quantities added to it always

disappear, in integrating a differential we have to

add to the integral any constant, that will be

determined through some particular condition. So

the integral of 𝑑𝑥 will be not only 𝑥, but also 𝑥 + 𝑎,

where 𝑎 is any undetermined constant.
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The application of the theory of the sums to geometrical quantities

Consider any given curve AN referred to the axis 𝐴𝑀,

whose ordinates represent any given function of the

abscissa 𝑥. Divide any abscissa 𝐴𝑀 in equal parts AB,

BC, CD …, so that each of them is equal to the

difference 𝑑𝑥 (that we assume constant). From any

points B, C, D, take the ordinates Bb, Cc, Dd and

complete the rectangles Bf, Cg, Dh…

All the inscribed rectangles constitute a series, whose

terms are generally expressed by 𝑦𝑑𝑥.

If we integrate the formula 𝑦𝑑𝑥, the value of 𝑆 ∙ 𝑦𝑑𝑥

will give the general sum of all these rectangles, so

that if we suppose 𝑥 = 𝐴𝑀, we will obtain the sum of

all the rectangles contained in the space 𝐴𝑀𝑁𝐴.
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This method for obtaining the measure of the

entire figure from the sum of the inscribed

rectangles is general for any curve. So, starting

from the previous figure and having completed

the rectangles 𝑙𝐵,𝑚𝑓, 𝑛𝑔… we will always

demonstrate that the sum of these rectangles is

equal to the ultimate rectangles De, equal to

𝑦𝑑𝑥 . But the difference of each inscribed

rectangle bC to the space 𝐵𝑏𝑐𝐶, being equal to

𝑏𝑓𝑐, will always be smaller than the rectangle

𝑏𝑚𝑐𝑓, in which it is contained. Thus, the sum of

all these differences will also be smaller than the

sum of the rectangles lB, mf…, which is

expressed by 𝑦𝑑𝑥 . The more the sum

𝑦𝑑𝑥 decreases, the more that difference will

have to decrease until becoming equal to 0 for

the position of 𝑑𝑥 = 0, this difference will totally

vanish and the integral 𝑆 ∙ 𝑦𝑑𝑥 will exactly

express all the area of the curve 𝐴𝑀𝑁.
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The materials of this workshop can be found here: http://dmi.unife.it/it/ricerca-dmi/mathesis/materiali-esu-9
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